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Abstract

This work investigates how random matrix sketching can accelerate algorithms for generalized eigen-
value problems (GEPs). We further explore how sketched Rayleigh-Ritz and sketched-QZ can be set
up for GEPs and compare their performance (speed and residual error) in well-conditioned and ill-
conditioned settings. The results show that randomized sketches can significantly reduce runtime while
maintaining high eigenvalue accuracy, highlighting the promise of randomized algorithms for (non-
symmetric) GEPs in addition to standard eigenvalue problems. The complete code can be found at
github.com/SurCalGit/sketching eigenvalue problems.git.

Keywords: Generalized eigenvalue problems (GEPs), Krylov Subspace Methods, Sketch-and- solve
paradigm, Rayleigh-Ritz, Subspace embedding

1 Background and Motivation

1.1 Generalized eigenvalue problems

In the standard nonsymmetric eigenvalue problem (EP), given an n-by-n matrix A, we aim to find (λ, x)
such that

Ax = λx.

This problem is already ubiquitous in numerical linear algebra and in a variety of applications, including
machine learning [1, 3]. In the generalized eigenvalue problem (GEP), we are given a matrix pair (A,B)
(with both matrices of the same size) and aim to find (λ, x) such that

Ax = λBx.

In cases where B is invertible, this can be turned into an eigenvalue problem B−1Ax = λx, although B may
be poorly conditioned and inverting may be computationally expensive. We call A− λB as a function of λ
a matrix pencil. In cases where det(A−λB) = 0 for all λ, the matrix pair is called singular. Otherwise, it is
regular. We are typically interested in the regular case, in which case λ and x satisfying Ax = λBx are called
eigenvalues and eigenvectors respectively for the pencil (A,B). The following table shows analogies between
EPs and GEPs (see [9, Section 6] for further background). Assume that (A,B) of order n is regular unless
otherwise stated.
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Concept Ax = λx Ax = λBx

Eigenvalues A has n complex and finite eigenvalues
which solve det(A− λI) = 0

(A,B) has n (generalized) eigenvalues.
We have infinite eigenvalues when B is
singular.

Rayleigh Quotient R(A, x) = xTAx
xT x

R(A,B, x) = xTAx
xTBx

Similarity/Equivalence Matrices A, B are similar if there exists
nonsingular S such that B = S−1AS.
Similar matrices have the same eigen-
values.

If X and Y are nonsingular, we call the
pairs (A,B) and (Y AX, Y BX) equiva-
lent.

Schur Decomposition There exists unitary U such that
UHAU = T is upper triangular. The
eigenvalues of A appear on the diago-
nal of T .

There exist unitary U, V such that ma-
trices in the equivalent pair (S, T ) =
(V HAU, V HBU) are upper-triangular.

Jordan/Weierstrass
Canonical form

For A, there exists nonsingular X such
that X−1AX is block diagonal with
Jordan blocks Jki

(λi) ∈ Cki×ki .

(A,B) is equivalent to a form
[(J, I), (I,N)], where J and N are
in Jordan canonical form and N is
nilpotent.

Structured Problems
(with real eigenvalues)

A is Hermitian if A = AH . A has real
eigenvalues and a unitary diagonaliza-
tion.

If (A,B) is Hermitian (A and B are
Hermitian), it does not necessarily have
real (generalized) eigenvalues. The Her-
mitian pair is a definite pair if the quan-
tity

γ(A,B) := min
x∈Cn,∥x∥2=1

|xH(A+ iB)x|

is strictly positive. A definite pair
(A,B) is regular, and there exists
nonsingular X such that XHAX and
XHBX are diagonal. All definite pairs
have real eigenvalues.

Table 1: Comparison between standard and regular generalized eigenvalue problems

1.2 Direct Methods: QZ Algorithm

The QZ Algorithm [6] is the classical direct method for obtaining a full set of eigenvalues for a matrix pair by
computing the generalized Schur decomposition of the (regular) pair. The primary goal of the QZ algorithm
is to find unitary matrices Q and Z that simultaneously transform A and B into upper triangular forms.

Eigenvalues

The generalized eigenvalues of the pencil (A,B) can be directly read from the diagonals of the resulting
triangular matrices:

• If TBii ̸= 0, the eigenvalues are λi =
TAii

TBii
.

• If for some k, TAkk
= TBkk

= 0, then the spectrum σ(A,B) = C and the pencil is singular.

2



Algorithmic Steps

The algorithm generally proceeds in the following stages:

1. Initial Reduction: matrices A and B are transformed into Hessenberg and upper-triangular forms
respectively.

2. Deflation: Zeros are deflated in the lower sub-diagonal of the Hessenberg matrix and on the diagonal
of the upper triangular matrix.

3. Iterative Phase: An implicit shift QR algorithm is applied to the product AB−1 (implicitly, without
forming B−1) to iteratively reduce the Hessenberg matrix to triangular form while maintaining the
triangularity of B.

Runtime and Complexity

For a full n×n matrix pair, the algorithm is a direct-style iterative method with a runtime generally scaling
as O(n3) with space complexity O(n2). Thus, even if we would like to compute a small subset of eigenvalues,
the overall runtime scales cubicly with the problem size n since the full QZ reduction must still be performed.

1.3 Krylov subspace methods

Algorithm 1 The Arnoldi algorithm for (partial) reduction to Hessenberg form

Input: A ∈ Cn×n, initial vector b ∈ Cn, Krylov basis dimension d.
Output: Q ∈ Rn×n, H ∈ Cd×d

1: q1 ← b/∥b∥2 ▷ d is the number of columns of Q and H to compute
2: for j = 1 to d do
3: z ← Aqj
4: for i = 1 to j do
5: hi,j ← qTi z
6: z ← z − hi,jqi
7: end for
8: hj+1,j ← ∥z∥2
9: if hj+1,j = 0 then

10: quit
11: end if
12: qj+1 ← z/hj+1,j

13: end for

For large applications, especially when the matrix A is only accessible through matrix-vector multiplications
x 7→ Ax, finding all eigenpairs is computationally intensive due to the O(n2) cost of storing A and the
O(n3) cost of calculations, motivating iterative methods over direct methods such as the iterative QR
algorithm. Central among these are Krylov Subspace Methods (KSMs), which seek to find approximate
eigenvectors located in a Krylov subspace [3]:

Kp(A, b) := span{b, Ab,A2b, . . . , Ap−1b}

This subspace often contains an excellent approximation to an eigenvector, even for a modest depth p,
since it effectively takes the first few vectors from the power method. Suppose b is random and K :=
[b, Ab, . . . , An−1b] is invertible. Since K−1AK =: C is upper Hessenberg, we can approximate the eigenvalues
of A with the eigenvalues of the simpler matrix C.

However, K is likely to be highly ill-conditioned since, by construction, Akb for k = 0, 1, 2, . . . approaches
the eigenvector of A associated with the largest eigenvalue. Let K = QR be the QR decomposition of K.
Then QTAQ = RCR−1 =: H, which is also upper Hessenberg. Thus, if we can find an orthogonal matrix Q
whose columns span the column space of K, we can determine approximate eigenvalues of A. In practice,
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we only care about computing the first d columns of Q and approximately determining d eigenvalues of A
(where d≪ n). Let Q = [Qd, Qu] where Qd is the first d columns of Q and Qu contains the rest:

H = QTAQ =

[
QT

d AQd QT
d AQu

QT
uAQd QT

uAQu

]
≡

[
Hd Hud

Hdu Hu

]
Note that Hd is upper Hessenberg and Hdu contains a single, possibly nonzero entry at its upper right corner.
If this is zero or close to zero, then the eigenvalues of Hd are exactly or approximately equal to eigenvalues of
A. To compute the first d columns of Q, the classical approach is the Arnoldi process as shown in Algorithm
1.

Algorithm 2 k-truncated Arnoldi algorithm

Input: A ∈ Cn×n, initial vector b ∈ Cn, Krylov basis dimension d, k for partial orthogonalization.
Output: Q ∈ Rn×n, H ∈ Cd×d

1: q1 ← b/∥b∥2 ▷ d is the total number of iterations, k is the truncation window
2: for j = 1 to d do
3: z ← Aqj
4: imin ← max(1, j − k + 1)
5: for i = imin to j do
6: hi,j ← qTi z
7: z ← z − hi,jqi
8: end for
9: hj+1,j ← ∥z∥2

10: if hj+1,j = 0 then
11: quit
12: end if
13: qj+1 ← z/hj+1,j

14: end for

This process requires O(n2d) arithmetic operations for d iterations. Once we have obtained an orthonor-
mal basis for Kd(A, b) using the Arnoldi Process, we can then approximate the eigenvalues of A with the
eigenvalues of Hd and multiply the associated eigenvectors by Q to obtain approximate eigenvectors for A.
This approach is known as the Rayleigh-Ritz method, with approximate eigenvalues and eigenvectors known
as the Ritz values and Ritz vectors. In practice, we often perform the k-truncated Arnoldi process, in which
each new vector is orthogonalized against only the most recent k vectors, leading to an additional cost (over
the generation of the vectors which is still O(n2d)) of O(ndk) instead of O(nd2). See Algorithm 2.

For the generalized eigenvalue problem, given a matrix pair (A,B), we can compute a Kyrlov basis using
either the Arnoldi or k-truncated Arnoldi process for B−1A without explicitly forming B−1. After obtaining
the basis Qd, we formulate the projected problem QT

d AQdx = λQT
d BQdx and solve via the QZ algorithm.

This is shown in Algorithm 3.
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Algorithm 3 k-truncated Arnoldi for Ax = λBx + Rayleigh–Ritz

Input: A,B ∈ Cn×n, initial vector b ∈ Cn, Krylov basis dimension d, k for partial orthogonalization,
residual tolerance τ .

Output: Approximate eigenpairs (λi, xi) such that Axi ≈ λiBxi.
1: q1 ← b/∥b∥2 ▷ d = number of iterations, k = truncation window
2: for j = 1 to d do
3: w ← Aqj
4: Solve Bz = w
5: imin ← max(1, j − k + 1)
6: for i = imin to j do
7: hi,j ← qTi z
8: z ← z − hi,jqi
9: end for

10: hj+1,j ← ∥z∥2
11: if hj+1,j = 0 then
12: quit
13: end if
14: qj+1 ← z/hj+1,j

15: end for
16: Qd ← [q1, . . . , qd]
17: Hd ← QT

d AQd

18: Gd ← QT
d BQd

19: Solve via QZ Algorithm: Hdy = λGdy
20: Return approximate eigenpairs (λ, x) for each y: λ, x← Qdy

If the linear solve with B is fast (O(n2)), performing k-truncated Arnoldi and solving the reduced
generalized problem has overall time complexity O(n2d + ndk + nd2 + d3), accounting for linear solves
with B, the k-truncated Arnoldi process, forming the reduced problem O(nd2), and solving the reduced
problem O(d3). The dominant cost is basis generation, within which the dominant cost is matrix-vector
multiplication x 7→ Ax (O(n2)). However, if A is structured or sparse, performing this multiplication can be
done faster, yielding a general cost expression for basis generation as O(d×MatVecCost) whereMatVecCost
is the cost of matrix-vector multiplication.

1.4 Randomized matrix sketching

Randomized embeddings are motivated by the need to develop fast, reliable, and scalable algorithms in
numerical linear algebra by reducing dimensionality. One important desirable quality of a random embedding
on an N -point random subset of Rn is to approximately preserve distances between points (within a small
factor). The following well-known lemma shows that when k = O(log(N)/ϵ2), such an embedding exists [4].

Lemma (Johnson-Lindenstrauss). Let N be any integer and ϵ ∈ (0, 1). Suppose k is a positive integer such
that k ≥ 4(ϵ2/2 − ϵ3/3)−1 log(n). Then for any set X of N points in Rn there exists a map f : Rn → Rk

such that for all x, y ∈ X, we have

(1− ϵ)∥x− y∥2 ≤ ∥f(x)− f(y)∥2 ≤ (1 + ϵ)∥x− y∥2,

where this norm is the ℓ2 norm.

In practice, we apply the “sketch-and-solve” paradigm [5, 8, 10] to reduce the dimension of a problem
by multiplying a large matrix by a randomized subspace embedding matrix with a much smaller output
dimension and solving the reduced problem. A subspace embedding is defined as follows.

Defn (Subspace Embedding). Suppose A ∈ Cn×d whose columns span the subspace V ⊆ Cn. Then S ∈ Cs×n

is a subspace embedding for V with distortion ϵ if for all x ∈ Cd, we have

(1− ϵ)∥Ax∥2 ≤ ∥SAx∥2 ≤ (1 + ϵ)∥Ax∥2.
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In other words, S approximately preserves the ℓ2 norm of vectors in the range of A.

Since the subspace V is typically unknown, we must draw the subspace embedding S randomly to satisfy
the above property with high probability. Suppose A above has full column rank (and therefore V has
dimension d). To embed V with distortion ϵ, we optimally have s ≈ d/ϵ2. There are a few popular ways of
constructing a randomized subspace embedding that work for the eigenvalue problem.

1.4.1 Gaussian Sketches

A simple Gaussian Sketch that satisfies the subspace embedding property is as follows: let S ∈ Rs×n have
i.i.d. entries N (0, 1/s) and define Ã = SA. If s = O((d+log(1/δ))/ε2), then with probability 1−δ (δ ∈ (0, 1))

(1− ε)∥x∥22 ≤ ∥Sx∥22 ≤ (1 + ε)∥x∥22

for all x in any fixed d-dimensional subspace. Thus, S approximately preserves the geometry of range(A).

1.4.2 SRFTs (Subsampled random Fourier transforms)

These subspace embeddings take the form

S =

√
n

s
DFE ∈ Cs×n,

where D ∈ Cs×n diagonally projects onto s independently chosen random coordinates, F ∈ Cn×n is the
unitary discrete Fourier transform (DFT), and E ∈ Cn×n is a diagonal matrix whose entries are independent
Steinhaus random variables (uniform on the complex unit circle). Using the subsampled FFT algorithm, we
can apply S to an n× d matrix in O(nd log(d)) operations.

1.4.3 Sparse Maps

A sparse random embedding takes the form

S =
1√
s
[s1, . . . , sn] ∈ Cs×n,

where each column si has a fixed number of nonzero entries ζ drawn from the Steinhaus distribution whose
coordinates are uniformly random. This embedding is cheaper to apply on sparse data.

1.5 Randomized sketching for eigenvalue problems

Recognizing the computational limitations inherent in traditional KSMs, Nakatsukasa and Tropp [7] intro-
duced the integration of random matrix sketching into subspace projection methods such as Rayleigh-Ritz
(RR). This approach leverages the “sketch-and-solve paradigm” to reduce the dimensionality of the under-
lying computations. Suppose V ∈ Cn×d is such that its column span contains approximate eigenvectors for
A (e.g., computed through a truncated Arnoldi process). The classic Rayleigh-Ritz (RR) method solves the
least-squares minimization problem:

min
M∈Cd×d

∥AV − VM∥F .

The reduced EP is to find eigenvalues and eigenvectors for M∗ = V †AV . By drawing a random sketching
matrix S ∈ Cs×n (the authors suggest s = 4d), the RR problem is transformed into the sketched Rayleigh-
Ritz (sRR) problem:

min
M∈Cd×d

∥S(AV − VM)∥F .

The resulting solution M̂ = (SV )†(SAV ) is computed significantly faster than the optimal solution M∗:
computing M∗ requires O(nd2) operations with the pseudoinverse computation as the bottleneck, whereas
computing M̂ requires O(nd log(d) + d3) operations using an SRFT sketch (fast) with s = O(d). This
randomized approach gives immense flexibility in selecting the basis V . Specifically, highly conditioned bases,

6



where κ2(V ) ≲ u−1 (where u is the unit roundoff), can be tolerated, allowing the use of computationally
cheaper, non-orthogonal basis generation techniques, such as k-truncated Arnoldi. Overall, the sketched
approach yields substantial practical speedups, often exceeding 10× faster than optimized standard routines
in tested examples.

A variational formulation of RR is introduced again for the GEP. Suppose we want to solve Ax = λBx
for A,B ∈ Cn×n and nonzero x. Further suppose that V ∈ Cn×d contains approximate eigenvectors. Our
goal is to solve:

min
M∈Cd×d

∥AV −BVM∥F . (1)

One solution is M∗ = (BV )†(AV ), for which we can propose the standard EP. For the sketched problem,
given a subspace embedding S for Range([AV,BV ]), we have the following:

min
M∈Cd×d

∥S(AV −BVM)∥F . (2)

This has a solution M̂ = (SBV )†(SAV ), yielding a reduced EP. Once again, excluding the generation of
basis V , we again have cost O(d3 + nd log(d)) compared to O(nd2) in classic RR. An alternative approach
that does not require computing (SBV )† is proposing the reduced GEP for the matrix pair (SAV, SBV ),
which is advantageous if SBV is ill-conditioned, potentially as a result of an ill-conditioned B. This reduced
GEP can be solved by applying the QZ algorithm when s = d or s = O(d) by first padding SAV and SBV
with zeros 1.

When the matrix B is symmetric positive definite but ill-conditioned, we can precondition the GEP with
B−1/2. Instead of explicitly forming B−1/2, we work with triangular solves involving L and LT where we
take the Cholesky factorization B = LLT with L being lower triangular. This allows us to transform the
generalized eigenvalue problem into L−1AL−T y = λy, which can be accessed implicitly via solves with L
and LT . This approach avoids forming dense matrix square roots while retaining numerical stability and
efficiency, since triangular solves can be performed in O(n2) time for dense matrices and faster for structured
matrices.

1.6 Main Contributions

The following are the primary motivating questions in this work:

(1) Do the accuracy and runtime trends from Nakatsukasa and Tropp [7] extend to the nonsymmetric
GEP and, in-particular, in the case of comparing eigenvalue distributions between the sketched and
unsketched problems? How do sketched Rayleigh-Ritz and sketched QZ compare to the QZ algorithm
on small problems (e.g. n = 1000) in terms of the distribution of computed individual eigenvalues?

(2) How does the performance of sketched algorithms compare between cases where B is well-conditioned
and ill-conditioned? Does inverse-free sketched Rayleigh-Ritz (by applying QZ) provide more accurate
eigenvalues compared to standard sketched Rayleigh-Ritz?

The six methods tested in this work are listed in Table 2. Algorithm 4 provides a detailed setup for
sketched Rayleigh-Ritz for the GEP with options for inverse-free and preconditioned methods. Running
this algorithm with these different options across small (n = 1000) and large (n = 100, 000) problems, we
observe a significant speed reduction in the sketched methods versus classical Rayleigh-Ritz while maintaining
comparable eigenvalue accuracy as measured by both chordal distance and (normalized) residual error.
Moreover, inverse-free sketched Rayleigh-Ritz does not appear to increase accuracy when B is ill-conditioned.

1Care must be taken in how this is set up to obtain meaningful eigenvalues.
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Algorithm 4 k-truncated Arnoldi + Sketched Rayleigh-Ritz for GEP

Input: A,B ∈ Cn×n, b ∈ Cn, d, k, s (e.g., s = 4d), flags precond, inversion free, sketch.
Output: Approximate eigenpairs (xi, λi) for Ax = λBx.
1: if precond then
2: Compute B = LL∗ or B = B1/2B1/2.
3: Ã← B−1/2AB−1/2, B̃← I.
4: A← Ã, B← B̃.
5: end if
6: if precond then
7: Set S = V T .
8: else
9: Draw S ∈ Cs×n (SRFT or sparse).

10: end if
11: Draw S ∈ Cs×n (SRFT or sparse).
12: w1 = b, b1 = w1/∥w1∥2, m1 = Ab1.
13: for j = 2, . . . , d do
14: wj = (I− bj−1b

∗
j−1 − · · · − bj−kb

∗
j−k)mj−1 ▷ Note: b−i = 0

15: bj = wj/∥wj∥2, mj = Abj .
16: end for
17: C = S[b1, . . . ,bd], D = S[m1, . . . ,md], E = S[Bb1, . . . ,Bbd].
18: if inversion free then
19: Solve GEP via QZ: Dyi = λiEyi.
20: else
21: QR Factorization: E = UT.
22: M̂ = T−1U∗D.
23: Solve standard EP: M̂yi = λiyi.
24: end if
25: rest,i =

∥Dyi−λiEyi∥2

∥Eyi∥2
.

26: Identify I where rest,i ≤ τ , set xi = Byi.
27: if precond then
28: xi ← B−1/2xi.
29: end if
30: return (xi, λi) for i ∈ I.

2 Test Problems

The six methods shown in Table 2 were tested on two applications of the nonsymmetric GEP: (1) exponential
solutions to damped mass-spring systems (explained more in detail in [3]), and (2) finite-differences for
solving a 1D elliptic eigenvalue problem. Furthermore, two cases were differentiated: well-conditioned B and
ill-conditioned B.

2.1 Damped Mass-Spring Systems

Starting from a second-order system
A1ü+A2u̇+A3u = 0,

where A1 is a diagonal matrix representing masses, A2 is a diagonal matrix representing damping coefficients,

and A3 is a tri-diagonal matrix that includes spring constants. Introduce the state vector z =

[
u

u̇

]
. This

yields the first-order system [
0 I

−A3 −A2

]
z = λ

[
I 0

0 A1

]
z,
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Method Inversion Dominant Cost Randomized Runtime

QZ algorithm for (A,B) No Dense factorization
(O(n3))

No O(n3)

k-truncated Arnoldi +
Rayleigh–Ritz
(Algorithm 3)

Yes Matrix-Vector Prod.
(O(nd2))

No O(nd2)

k-truncated Arnoldi +
QZ on (V TAV, V TBV )
(Algorithm 4 with
sketch=False)

No Matrix-Vector Prod. +
small QZ

No O(nd2 + d3)

k-truncated Arnoldi +
sketched Rayleigh–Ritz
(SRFT) (Algorithm 4
with sketch=True)

Yes Matrix-Vector Prod. +
sketching

Yes O(nd log d+ d3)

k-truncated Arnoldi +
sketched Inverse-free
Rayleigh-Ritz (SRFT)
(Algorithm 4 with
sketch=True,
inverse free=True)

No Matrix-Vector Prod. +
sketching + small QZ

Yes O(nd log d+ d3)

k-truncated Arnoldi +
sketched Inverse-free
(SRFT) with (fast)
Preconditioning
(Algorithm 4 with
sketch=True,
inverse free=True,
precond=True)

No Linear solves + sketching Yes O(nd log d)

Table 2: Comparison of methods evaluated in this work, implemented with Algorithm 4. Runtime costs
exclude the basis generation step (O(n2d+ nkd))
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which is a generalized eigenvalue problem. Typically, the mass matrix A1 is well-conditioned, allowing
efficient application of A−1

2 via direct inversion or linear solves. However, if A1 is ill-conditioned, the GEP
formulation above is preferable to prevent inversion.

2.2 1D Elliptic Eigenvalue Problem

This problem arises from the discretization of a one-dimensional elliptic differential operator, typically using
finite difference or finite element methods. The resulting matrices exhibit a structured sparsity pattern
(e.g., tridiagonal in the finite difference case), and the eigenvalues reflect the underlying differential operator
spectrum.

− d

dx

(
κ(x)

du

dx

)
= λb(x)u(x),

with x ∈ (0, 1), u(0) = 0, u(1) = 0. We discretize using a uniform grid xi = ih, h = 1
n+1 . Using midpoint

fluxes,

qi+ 1
2
≈ κi+ 1

2

ui+1 − ui

h
.

the divergence term − d
dx (κu

′)|xi becomes

≈ 1

h2

(
− κi+ 1

2
ui+1 + (κi+ 1

2
+ κi− 1

2
)ui − κi− 1

2
ui−1

)
.

The right-hand side is approximated by midpoint quadrature:∫ x
i+1

2

x
i− 1

2

b(x)u(x) dx ≈ b(xi)uih.

This yields matrix entries

Aii =
κi− 1

2
+ κi+ 1

2

h2
,

Ai,i±1 = −
κi± 1

2

h2
,

Bii = b(xi)h, Bij = 0 (i ̸= j).

Ax = λBx, x = (u1, . . . , un)
T .

As shown above, the matrix A is tri-diagonal while B is diagonal, enabling fast inversion or linear solves.

3 Experimental Results

Table 2 shows the six methods tested, with the corresponding full pseudocode for the sketched methods dis-
played in Algorithm 4. Setting precond=True applies B−1/2 preconditioning using a Cholesky factorization,
and setting inverse free=True applies the QZ algorithm to solve the reduced problem.

Accuracies of computed eigenvalues measured by chordal distance to QZ-eigenvalues (for n = 1000)
and by residual error (for n = 105) are shown in figure 2 for the damped mass-spring system and elliptic
eigenvalue problem respectively. In addition to the speedup observed by the sketched methods, we highlight
the following observations:

• Sketched methods perform comparably to their unsketched counterparts across both applications.
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(a) Chordal nearest-neighbor distance between unsketched/sketched methods and full QZ eigenvalues for the
damped mass-spring system (n = 1000, d = 50) across both well-conditioned and ill-conditioned B cases.

(b) Distribution of relative eigenpair residuals |Ax− λBx|/(|[A|B]|F ) for the damped mass-spring system (n = 105).
Top: residual distributions across basis dimension d. Bottom: number of low-residual outlier eigenvalues.

Figure 1: Accuracies of sketched methods on the damped mass-spring system measured by (a) chordal
distances and (b) relative residual errors.
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(a) Chordal nearest-neighbor distance to QZ eigenvalues for the 1D elliptic eigenvalue problem (n = 1000, d = 50)
across both well-conditioned and ill-conditioned B cases.

(b) Distribution of relative residuals for the 1D elliptic eigenvalue problem (N = 105). Top: residual distributions
versus basis dimension d. Bottom: count of low-residual outlier eigenvalues.

Figure 2: Accuracies of sketched methods on the 1D elliptic eigenvalue problem measured by (a) chordal
distances and (b) relative residual errors.
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• There is no substantial difference in accuracy between sketched QZ (without preconditioning) and
sketched Rayleigh-Ritz.

• Preconditioning before QZ results in a drop in accuracy across both applications for the n = 105 case.

Experiments were designed using Python’s SciPy library, using the scipy.linalg.eig and scipy.linalg.qz
solvers to compute standard and generalized eigenvalues, and were executed on a machine with 80GB CPU
RAM. The full code and experimental details for reproducibility can be found here:
github.com/SurCalGit/sketching eigenvalue problems.git.

4 Discussion

The experimental results align closely with theoretical expectations from randomized numerical linear algebra
and classical eigenvalue perturbation theory. The comparable performance between sketched and unsketched
methods can be explained by the subspace preservation guarantees of randomized embeddings, as detailed in
section 1.4. In the context of Rayleigh-Ritz, since the dominant computational cost of sketch-based methods
lies in forming and decomposing large matrices, reducing the dimension from n to s ≪ n yields runtime
savings (as shown in Figure 3) without significantly degrading accuracy (shown in Figure 2).

The observation that sketched QZ does not significantly outperform sketched Rayleigh-Ritz in the ill-
conditioned B case may be understood by the fact that even when B is ill-conditioned, the generalized eigen-
values themselves may still be well-conditioned quantities, particularly if (A,B) satisfies favorable structural
properties. Randomized sketching introduces its own approximation error, which can dominate any poten-
tial stability advantage gained by avoiding explicit inversion. As a result, both sketched Rayleigh-Ritz and
sketched QZ exhibit similar accuracy in practice, even in regimes where B is poorly conditioned.

Furthermore, the elevated residual errors observed for the preconditioned method in the large-scale case
(n = 105) are likely due to the numerical instability introduced by forming or applying B1/2 or B−1/2.
Although preconditioning is appealing because it transforms the problem into a standard eigenvalue problem
with improved conditioning, computing matrix square roots likely introduces approximation errors, which can
accumulate and degrade the quality of the computed subspace. Additionally, applying these transformations
may amplify floating-point errors when B has a wide spectrum, leading to loss of orthogonality and increased
residuals in the final eigenpairs.

5 Conclusion

This work investigates the application of randomized sketching for faster solutions of (nonsymmetric) general-
ized eigenvalue problems (GEPs). While reducing runtime, sketched methods preserve accuracy of computed
eigenvalues comparable to QZ and standard Rayleigh-Ritz (for both small and large problem sizes), where
accuracy is measured in terms of both residual error and distance to “ground truth” eigenvalues computed
by QZ.

Our experiments further indicate that sketched Rayleigh-Ritz and sketched QZ methods perform sim-
ilarly in (terms of eigenvalue accuracy) across both cases where B is well-conditioned and ill-conditioned.
Furthermore, while B1/2 preconditioning can provide better eigenvalue solutions when B is ill-conditioned,
in practice the performance is mixed and heavily depends on implementation details.

Overall, these results highlight the promise of randomized algorithms for solving large GEPs. Future
work may focus on improving robustness under severe ill-conditioning, refining preconditioning strategies,
and exploring alternative (potentially structured) sketches, such as those described in [2].
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(a) Solve speed of sketched and unsketched methods for the damped mass-spring system (n = 100000, d = 400)
across both well-conditioned and ill-conditioned B cases.

(b) Solve speed of sketched and unsketched methods for the 1D elliptic eigenvalue problem (n = 100000, d = 400)
across both well-conditioned and ill-conditioned B cases.

Figure 3: Solve speeds (including basis generation) of sketched methods on the damped mass-spring system
and elliptic eigenvalue problem.
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A Computed Eigenvalue Distributions

Figure 4: Ritz value distribution for mass-spring system eigenvalues: n = 100000, d = 400. Eigenvalues are
displayed for well-conditioned and ill-conditioned B cases (κ(B) = 3 and κ(B) = 1010 respectively).
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Figure 5: Ritz value distribution for 1D Elliptic Eigenvalue Problem: n = 100000, d = 400. Eigenvalues are
displayed for well-conditioned and ill-conditioned B cases (κ(B) = 3 and κ(B) = 2.65× 1010 respectively).
Thin bars hanging from the top of each plot indicate eigenvalue accuracy, displayed on the left-side y-axis.
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